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EXPONENTIAL TAYLOR DOMINATION
OMER FRIEDLAND, GIL GOLDMAN, AND YOSEF YOMDIN
Abstract. Let f(z) =
∑
∞
k=0
akz
k be an analytic function in a
disk DR of radius R > 0, and assume that f is p-valent in DR, i.e.
it takes each value c ∈ C at most p times in DR. We consider its
Borel transform
B(f)(z) =
∞∑
k=0
ak
k!
zk,
which is an entire function, and show that, for any R > 1, the
valency of the Borel transform B(f) in DR is bounded in terms
of p,R. We give examples, showing that our bounds, provide a
reasonable envelope for the expected behavior of the valency of
B(f). These examples also suggest some natural questions, whose
expected answer will strongly sharper our estimates.
We present a short overview of some basic results on multi-
valent functions, in connection with “Taylor domination”, which,
for f(z) =
∑
∞
k=0
akz
k, is a bound of all its Taylor coefficients
ak through the first few of them. Taylor domination is our main
technical tool, so we also discuss shortly some recent results in this
direction.
1. Introduction
“Taylor domination” for an analytic function f(z) =
∑∞
k=0 akz
k is an
explicit bound of all its Taylor coefficients ak through the first few of
them. This property was classically studied, in particular, in relation
with the Bieberbach conjecture, which was finally proved in [8]: For a
univalent function f we always have |ak| ≤ k|a1| (see [5, 6, 10, 14] and
references therein).
To give an accurate definition, let us assume the radius of conver-
gence of the Taylor series for f is R̂ (for 0 < R̂ ≤ +∞).
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Definition 1.1 ([2]). Let 0 < R < R̂, N ∈ N, and let S(k) be a positive
sequence of a subexponential growth. A function f has an (N,R, S(k))-
Taylor domination property if for any k ≥ N + 1 we have
|ak|R
k ≤ S(k) max
0≤i≤N
|ai|R
i.
For a constant sequence S(k) ≡ C, we simply denote this property by
(N,R,C)-Taylor domination.
The parameters N,R, and S(k) of the Taylor domination are not
defined uniquely. In fact, each nonzero analytic function f has this
property, with N being the index of its first nonzero Taylor coefficient
ak (see e.g. [2, Proposition 1.2]). Consequently, the property of Tay-
lor domination becomes interesting only for specific classes of analytic
functions, for which we can specify the parameters N,R, S(k) in an
explicit and uniform way.
1.1. Some classical examples. One of the most important examples
is provided by p-valent functions: Here Taylor domination with explicit
parameters is a difficult result of geometric function theory, which is
closely related to the Bieberbach conjecture. Since our main result is
in this direction, we provide below some background (see Section 2).
Another striking example, of roughly the same period (1930-th) is
Bautin’s discovery (see, [3,4], and, e.g. [12,21], and references therein),
which is one of the most important sources of uniform Taylor domina-
tion: The Taylor coefficients of the function in question are polyno-
mials (analytic functions) in a finite number of the problem’s param-
eters. Taylor domination in this case is (formally) a consequence of
Hilbert’s finiteness theorem, and of its “quantitative” extensions (Hi-
ronaka’s division algorithm, see e.g. [12] and references therein). Of
course, besides discovering a general approach, Bautin provided ex-
plicit, and highly non-trivial, calculations for the plane vector fields of
degree two, thus obtaining one of the most important results in the
second part of Hilbert’s 16-th problem up today: At most three limit
cycles can bifurcate from a center in a quadratic plane vector field.
One more classical result, which we mention, concerns Taylor domi-
nation, with explicit parameters, for rational functions. In a sense, this
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is a special case of p-valent functions, but the known results for ratio-
nal functions are much sharper. Here Taylor domination is, essentially,
equivalent to the important and widely applied “Turan’s lemma” (see
[17, 18], and, e.g. [2], and references therein).
1.2. Some recent developments. Recently, Taylor domination was
also investigated in some additional situations:
1. Linear recurrence relations. Functions whose Taylor coefficients sat-
isfy linear recurrence relations, in particular, of Poincare´-Perron type,
possess an explicit Taylor domination (see [2]).
2. (s, p)-valent functions. Functions which preserve some valency
bounds after subtracting from them any polynomial of degree s. A
complete characterization of such functions through linear recurrence
relations for Taylor coefficients was obtained in [13].
3. Remez-type inequalities. These inequalities bound |f | on a disk
D through the bound on |f | on a certain subset Ω of D. In [13] a
rather accurate Remez-type inequality was obtained for (s, p)-valent
functions.
4. Bautin-type results. Providing Taylor domination through an ex-
plicit description of the Bautin ideals in certain specific cases. Many
important results in this direction were obtained in the modern ana-
lytic theory of ODE’s ([15] and references therein). Beyond the field
of analytic theory of ODE’s, some (initial) general results were given
in [9, 12, 19], while certain specific problems were treated, via direct
calculations, in [20, 21].
5. Efficiently transcendental functions. In [11] we investigate analytic
functions f such that a result of a substitution of f as y into a poly-
nomial P (z, y), i.e. g(z) = P (z, f(z)) preserves, for any P , Taylor
domination with explicit parameters, depending only on the degree of
P . Our main tool is “linear Bautin ideals”, as in [20]. These results are
applied in [11], via the Pila-Wilkie approach, to bounding the number
of rational points on the graph y = f(x).
1.3. The scope and the goals of the paper. As it is clear from
the above, the notion of Taylor domination was historically considered
mostly for functions f(z) with a finite radius of convergence. The Borel
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transform ([7]) maps such a function f(z) =
∑∞
k=0 akz
k into an entire
function
g(z) = B(f)(z) =
∞∑
k=0
ak
k!
zk.
The class of all the images B(f)(z) of functions f(z) having a nonzero
radius of convergence, can be easily described explicitly: It consists of
all the entire functions g(z) =
∑∞
k=0 bkz
k with k!bk growing at most
exponentially. There is an integral expression for the inverse of the
Borel transform: f(z) =
∫∞
0
e−tg(tz)dt, which plays important role in
Borel’s summation method for divergent series. We expect this formula
to be important in our line of research, but we do not use it in the
present paper.
Of course, the main applications of the Borel transform are in sum-
mation of divergent series. However, also its action on regular (but
not extendable to the entire complex plane) functions f was exten-
sively studied. Still, to the best of our knowledge, the problems of the
behavior of the “valency”, and the corresponding problems of Taylor
domination, did not get an adequate attention.
The goal of the present paper is to present some initial results in this
direction. Given a p-valent function f , we estimate the valency of B(f)
on the disks DR, for given R > 0 (see Theorem 3.1 below). We also
provide some examples, which outline the degree of the (non)-sharpness
of our bounds, and suggest some related questions.
Finally, let us mention some recent observations from [1], concern-
ing the moment and Fourier reconstruction of the “spike-train signals”
F (x) =
∑d
j=1 ajδ(x− xj). The Fourier transform of F is an exponen-
tial polynomial F(s) =
∑d
j=1 aje
−2piixjs, while its Stieltjes transform
S(z) =
∑d
j=1
aj
1−zxj
is a rational function with the poles at xj . It is
easy to see that the Taylor coefficient at zero of F(s) are mk
k!
, while the
Taylor coefficient at zero of S(z) are mk. Here
mk =
∫
xkF (x)dx
are the consecutive moments of our signal F (x). In particular, F(s) is
the Borel transform of S(z). Specifically, we show in [1], using Taylor
domination, that if F(s) is small on a certain real interval, then all
its Taylor coefficients are small. This fact is crucial for comparing
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accuracy of Fourier and moment reconstructions of spike-train signals.
We expect that this result of [1] can be generalized to Borel transforms
of general functions, having a Taylor domination property.
2. Some background on Taylor domination and counting
zeroes
By definition, Taylor domination allows us to compare the behavior
of f(z) with the behavior of the polynomial PN(z) =
∑N
k=0 akz
k. In
particular, the number of zeroes of f , in an appropriate disk, can be
easily bounded in this way (see below for more details). However, the
opposite direction (bounding zeros implies Taylor domination) is a deep
and difficult classical results of geometric function theory, closely re-
lated to the Bieberbach conjecture, and going back at least, to Ahlfors.
We state here one prominent classical result in this direction [6]. To
formulate it accurately, we need the following definition (see [14] and
references therein).
Definition 2.1. Let f be a regular in a domain Ω ⊂ C. The function
f is called p-valent in Ω, if for any c ∈ C the number of solutions in Ω
of the equation f(z) = c does not exceed p.
Theorem 2.2 (Biernacki, 1936, [6]). If f is p-valent in the disk DR of
radius R centered at 0 ∈ C then for any k ≥ p+ 1
|ak|R
k ≤ A(p)k2p−1 max
1≤i≤p
|ai|R
i,
where A(p) is a constant depending only on p.
In our notations, Theorem 2.2 claims that a function f , which is
p-valent in DR, has a (p, R,A(p)k
2p−1)-Taylor domination property.
For univalent functions, i.e. for p = 1, R = 1, Theorem 2.2 gives
|ak| ≤ A(1)k|a1| for any k, while the sharp bound of the Bieberbach
conjecture is |ak| ≤ k|a1|.
Various forms of inverse results to Theorem 2.2 are known (the ref-
erence list is long, and we skip it here). In particular, an explicit,
and reasonably accurate, bound on the number of zeroes of f having a
Taylor domination property is given in [16, Lemma 2.2.3]:
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Theorem 2.3. Let f possess an (N,R,C)-Taylor domination. Then,
for any R′ < 1
4
R, the function f has at most 5N + 5 log(C + 2) zeros
in DR′ .
We can replace the bound on the number of zeroes of f by the bound
on its valency, if we exclude a0 in the definition of Taylor domination
(or, alternatively, if we consider the derivative f ′ instead of f).
Remark 2.4. It is natural to ask whether functions f having a (p, R, k2p−1)-
Taylor domination property (like p-valent functions, according to Bier-
nacki’s Theorem 2.2), are, at least, Kp-valent, in, say, D 1
2
R. Since
Theorem 2.3 concerns only the case of the constant sequence S(k) ≡ C,
it is not sharp enough to answer this question. Calculating an optimal
C and using Theorem 2.3, gives only an order of p log p bound on the
valency of f (compare with the discussion in Section 4 below).
3. Main result
Theorem 3.1. Let f(z) =
∑∞
k=0 akz
k be a p-valent function on the
unit disk D1. Then, for any R > 1, the Borel transform B(f)(z) =∑∞
k=0
ak
k!
zk is q-valent on DR′, where R
′ < R, and
q / (1 + log p+ logR)p+R,
where / means up to universal constants.
Proof. Let us start with the following simple remark, which allows
us to eliminate the parameter R in a Taylor domination, just by a
proper scaling of the independent variable. Indeed, the function f(z) =∑∞
k=0 akz
k has an (N,R, S(k))-Taylor domination property if and only
if the scaled function
f̂(z) := f(Rz) =
∞∑
k=0
akR
kzk, (3.1)
defined on the unit disk, has an (N, 1, S(k))-Taylor domination prop-
erty.
By assumption, the function f is p-valent on the unit disk D1, and
therefore, by Theorem 2.2, for any k ≥ p+ 1 we have
|ak| ≤ A(p)k
2p−1 max
1≤i≤p
|ai|,
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where A(p) is a constant depending only on p. Hence, for any R > 1
and for any k ≥ p+ 1, we have
|ak|R
k/k! ≤ A(p)k2p−1 max
1≤i≤p
|ai|R
k/k! ≤ A(p)η max
1≤i≤p
|ai|, (3.2)
where η = maxk≥p+1
k2p−1Rk
k!
.
Now, since, by our assumptions, R ≥ 1, the numbers R
i
i!
for 1 ≤ i ≤ p,
grow till i = [R], and then start to decrease, where [R] is the integer
part of R. Hence, the minimum of these numbers is achieved either
with the first of them i = 1, i.e. R, or with the last one i = p, which is
Rp
p!
. Therefore, we have
max
1≤i≤p
|ai|R
i
i!
≥ ν max
1≤i≤p
|ai|,
where ν = min{R, R
p
p!
}.
Plugging, the above estimate, in (3.2), we immediately get that, for
any k ≥ p+ 1,
|ak|R
k
k!
≤
A(p)η
ν
max
1≤i≤p
|ai|R
i
i!
. (3.3)
By re-scaling the restriction of B(f) to DR to the unit disk (i.e. the
Borel transform of the re-scaled function in (3.1)), we get
B(f̂)(z) =
∞∑
k=0
akR
k
k!
zk,
and thus, inequality (3.3) provides a bound on all the Taylor coefficients
akR
k
k!
of B(f̂) through its first p ones (excluding the constant term),
that is, B(f̂) has a (p, 1, A(p)η/ν)-Taylor domination property, which,
by the above simple remark, also implies that
B(f) has a
(
p, R, (A(p)η/ν)
)
-Taylor domination property.
Now, we use Theorem 2.3 for the function B(f) with N = p and
C = A(p)η/ν, which yields the following bound on the valency q of
B(f) in DR′ , for R
′ ≤ R:
q ≤ 5N + 5 log(C + 2)
≤ 5p+ 5 log(A(p)η/ν + 2). (3.4)
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To complete the proof of Theorem 3.1, we need to get an explicit
bound on η. Recall,
η = max
k≥p+1
k2p−1Rk
k!
.
We shall bound η by considering two cases:
η = max{η1, η2},
where
η1 := max
p+1≤k≤3p
k2p−1Rk
k!
, η2 := max
k≥3p+1
k2p−1Rk
k!
.
For η1 we use an immediate estimate
η1 ≤
(3p)2p−1R3p
(p+ 1)!
,
just taking the maximal possible numerator, and the minimal possible
denominator.
In order to estimate η2, we proceed as follows: We divide the numer-
ator and the denominator by k2p−1, and write k! as
k! = (k − 2p− 1)!ζ , where ζ =
2p∏
j=1
(1−
2p− 1− j
k
) ≥
1
32p
.
Consequently we get
η2 = max
k≥3p+1
k2p−1Rk
k!
≤ 32p
Rk
(k − 2p− 1)!
= 32pR2p−1
Rk−2p−1
(k − 2p− 1)!
.
It remains to notice, that the last expression, as a function of k,
decreases, starting with k − 2p− 1 = [R]. Hence, its maximal value is
achieved for k = [R]+2p−1. Using Stirling formula, we have R
R
R!
≤ eR,
and hence η2 ≤ 3
2pR2p−1eR. Thus, we conclude
η ≤ max
{
(3p)2p−1R3p
(p+ 1)!
, 32pR2p−1eR
}
.
Recall also that ν = min{R, R
p
p!
}, and considering (3.4), we conclude
q ≤ 5p+ 5 log(A(p)η/ν + 2)
/ p+ p log p + p logR +R,
which completes the proof. 
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4. Some examples
In this section we give some examples, illustrating Theorem 3.1.
These examples motivate some natural questions (presumably, open),
which we discuss below.
1. As the first example, consider the function f(z) = 1+ z+ z2+ · · · =
1
1−z
. This function is univalent in D1, and its Borel transform is e
z.
The solutions of the equation ez = c are all the points log c+2piki, with
whatever brunch of log chosen. Clearly, in the disk DR there are at
most R
2pi
such points, and for some c this bound is achieved. Therefore,
ez in DR is p-valent, with p =
R
2pi
.
2. Let us now consider the case of larger p′s. Let
fp(z) = (z
p − 1)(ez − 1) = −
p∑
k=1
zk
k!
+
∞∑
k=p+1
[
1
(k − p)!
−
1
k!
]zk.
Clearly, fp(z) is at least p +
R
2pi
-valent inDR, for any R. Indeed, the
roots of the two factors in fp(z) provide the required number of solution
of fp(z) = 0. On the other side, fp(z) is the Borel transform of
f˜p(z) = −
p∑
k=1
zk +
∞∑
k=p+1
[
k!
(k − p)!
− 1]zk.
We see that f˜p(z) has a (p, 1, S(k))-Taylor domination, with S(k) ∼ k
p.
We would expect such functions to be p-valent, at least in smaller disks,
but with the tools in our possession we can prove only that f˜p(z) is
∼ p log p-valent in any disk Dρ, ρ < 1 (just estimate the maximum in
k of kpρk and use Theorem 2.3). We are not aware of “counting ze-
roes” results, sharp enough to provide Kp-valency of a function, having
(p, 1, Ckp)-Taylor domination. Such a result would be an accurate in-
version to the Biernaczki’s one (Theorem 2.2 above). Thus, a natural
question is whether a function, having (p, 1, Ckp)-Taylor domination is
K(C)p-valent in a disk D 1
2
, with the constant K(C) depending only on
C? Compare Remark 2.4 in Section 2 above.
3. Finally, consider h(z) = ez
p
=
∑∞
l=1
zlp
l!
. The entire function h(z) is
the Borel transform of a formal power series
ĥ(z) =
∞∑
l=1
zlp(lp)!
l!
,
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which is divergent for any z 6= 0. It is easy to see that h(z) is ∼ p ·Rp-
valent in the disk DR for any R. Indeed, to solve the equation h(z) =
ez
p
= c, we put u = zp, and first solve eu = c, which gives the solutions
uk = log c+ 2piki. Then, from each uk we get p solutions νk,l = (uk)
1
p .
Notice that these solutions are of absolute value ∼ k
1
p for k big, and
hence ∼ p · Rp of them are inside the disk DR. We conclude that h(z)
is ∼ p · Rp-valent. This example suggests the following question: Is it
possible to extend the results above to the Borel transforms of divergent
series? This would require extending to some divergent series a notion
of Taylor domination, and we expect such an extension to be productive
in many other questions in this line.
References
[1] D. Batenkov, G. Goldman, and Y. Yomdin, Super-resolution of near-colliding
point sources, arXiv:1904.09186 (2019).
[2] D. Batenkov and Y. Yomdin, Taylor domination, Tura´ n lemma, and Poincare´
-Perron sequences, Nonlinear analysis and optimization, Contemp. Math.,
vol. 659, Amer. Math. Soc., Providence, RI, 2016, pp. 1–15.
[3] N. Bautin, Du nombre de cycles limites naissant en cas de variation des co-
efficients d’un e´tat d’e´quilibre du type foyer ou centre, C. R. (Doklady) Acad.
Sci. URSS (N. S.) 24 (1939), 669–672 (French).
[4] , On the number of limit cycles which appear with the variation of coef-
ficients from an equilibrium position of focus or center type, American Math.
Soc. Translation 1954 (1954), no. 100, 19.
[5] L. Bieberbach, Analytische Fortsetzung, Ergebnisse der Mathematik und ihrer
Grenzgebiete (N.F.), Heft 3, Springer-Verlag, Berlin-Go¨ ttingen-Heidelberg,
1955 (German).
[6] M. Biernacki, Sur les fonctions multivalentes d’ordre p, CR Acad. Sci. Paris
203 (1936), 449–451.
[7] E. Borel, Me´moire sur les se´ries divergentes, Ann. Sci. E´cole Norm. Sup. (3)
16 (1899), 9–131 (French).
[8] L. de Branges, A proof of the Bieberbach conjecture, Acta Math. 154 (1985),
no. 1-2, 137–152.
[9] M. Briskin and Y. Yomdin, Algebraic families of analytic functions. I, J. Dif-
ferential Equations 136 (1997), no. 2, 248–267.
[10] M. L. Cartwright, Some inequalities in the theory of functions, Math. Ann.
111 (1935), no. 1, 98–118.
[11] G. Comte and Y. Yomdin, Zeroes and rational points of analytic functions,
Ann. Inst. Fourier (Grenoble) 68 (2018), no. 6, 2445–2476 (English, with Eng-
lish and French summaries).
EXPONENTIAL TAYLOR DOMINATION 11
[12] J.-P. Francoise and Y. Yomdin, Bernstein inequalities and applications to an-
alytic geometry and differential equations, J. Funct. Anal. 146 (1997), no. 1,
185–205.
[13] O. Friedland and Y. Yomdin, (s, p)-valent functions, Geometric aspects of
functional analysis, Lecture Notes in Math., vol. 2169, Springer, Cham, 2017,
pp. 123–136.
[14] W. K. Hayman, Multivalent functions, 2nd ed., Cambridge Tracts in Mathe-
matics, vol. 110, Cambridge University Press, Cambridge, 1994.
[15] R. Roussarie, Bifurcations of planar vector fields and Hilbert’s sixteenth prob-
lem, Modern Birkha¨user Classics, Birkha¨user/Springer, Basel, 1998. [2013]
reprint of the 1998 edition [MR1628014].
[16] N. Roytwarf and Y. Yomdin, Bernstein classes, Ann. Inst. Fourier (Grenoble)
47 (1997), no. 3, 825–858 (English, with English and French summaries).
[17] P. Tura´n, Eine neue Methode in der Analysis und deren Anwendungen,
Akade´miai Kiado´, Budapest, 1953 (German).
[18] , On a new method of analysis and its applications, Pure and Applied
Mathematics (New York), John Wiley & Sons, Inc., New York, 1984. With
the assistance of G. Hala´sz and J. Pintz; With a foreword by Vera T. So´s; A
Wiley-Interscience Publication.
[19] Y. Yomdin, Global finiteness properties of analytic families and algebra of their
Taylor coefficients, The Arnoldfest (Toronto, ON, 1997), Fields Inst. Commun.,
vol. 24, Amer. Math. Soc., Providence, RI, 1999, pp. 527–555.
[20] , Oscillation of analytic curves, Proc. Amer. Math. Soc. 126 (1998),
no. 2, 357–364.
[21] , Bautin ideals and Taylor domination, Publ. Mat. 58 (2014), no. suppl.,
529–541.
Institut de Mathe´matiques de Jussieu, Sorbonne Universite´, 4 place
Jussieu, 75252 Paris, France.
E-mail address : omer.friedland@imj-prg.fr
Department of Mathematics, The Weizmann Institute of Science,
Rehovot 76100, Israel.
E-mail address : gilgoldm@gmail.com
Department of Mathematics, The Weizmann Institute of Science,
Rehovot 76100, Israel.
E-mail address : yosef.yomdin@weizmann.ac.il
